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Abstract. Group buying is a business model in which a number of All participants benefit from successful group buying deatsn-

buyers join together to make an order of a product in a cecaam-
tity in order to gain a desirable discounted price. Such ankess
model has recently received significant attention fromaesgeers in
economics and computer science, mostly due to its suctegsdli-
cation in online businesses, suchG®uport. This paper deals with
the market situation when multiple sellers sell a produet tmber
of buyers with discount for group buying. We model this peshlas a
multi-unit double auction. We first examine two determiicishech-
anisms that are budget balanced, individually rational @iy one-
sided truthful, i.e. it is truthful for either buyers or s&. Then we
find that, although there exists a “trivial” (non-deternstit) mech-
anism that is (weakly) budget balanced, individually ragiband
truthful for both buyers and sellers, such a mechanism iscloiev-
able if we further require that both the trading size and tnament
are neither seller-independent nor buyer-independeatdition, we
show that there is no budget balanced, individually ratiand truth-
ful mechanism that can also guarantee a reasonable tradng s

1 Introduction

Group buying (or collective buying power) is when a group ofi€

sumers come together and use the old rule of thumb, therenierpo

in numbers, to leverage group size in exchange for discouatsby

sumers enjoy good services with lower prices, merchantspt®
their services and most likely more consumers will buy teeivices
with normal prices in the future (i.e. group buying also glayrole
of advertising), and the company providing the platformddiifirom
merchants’ revenue.

Besides its simple concept and its successful businesisatphs,
group buying is not well studied in academia [1, 3, 2, 5]. has be-
cause the idea is hew, but the combination of collectiverigpower
and advertising challenges theoretical analysis. In tligwe ex-
tend the simple concept, used Brouponand most other similar
platforms, to allow merchants (or sellers) and consumerd(y-
ers) to express more of their private information (ajpe. More
specifically, instead of one single discounted price folirsgh cer-
tain number of units of a product, sellers will be able to esgrdif-
ferent prices for selling different amounts of the prod&atyers will
be able to directly reveal the amount they are willing to pay &
product, other than just show interest in buying a produching
with a fixed price. To that end, we do not just enhance the expre
sion of traders’ private information, but also reduce thenhar of
no-deal failures that happen when the number of buyersngilio
purchase a product does not reach the predetermined minonum
the Grouponplatform. Moreover, we will allow multiple sellers to
build competition for selling identical products.

Groupon the landscape for group buying platforms has been grow- Given the above extension, what we get is a multi-unit doahte

ing tremendously during last few years. Due to the advenboias

tion, where there are multiple sellers and multiple buyeichang-

networks, e.gfacebookthis simple business concept has been levering one commodity and each trader (seller or buyer) suppliete-

aged successfully by many internet companies. Taking tst suz-
cessful group buying platfori@rouponfor example, a group buying
deal is carried out in the following steps:

1. the company searches good services and products ([ptadit
normally are not well-known to (local) consumers,
2. the company negotiates with a target merchant for a digedu

mands multiple units of a commodity. Different from the nwihit

double auctions studied previously [7, 4], the focus of thixdel is
group buying and we assume that sellers have unlimited gl
a seller's average unit price is decreasing (non-incrgasimen the
number of units sold is increasing. The unlimited supplyuagsion
simplifies the utility definition of sellers, and it is not aleto us how
to properly define sellers’ utility when their supply is lit@d.

price for their services and the minimum number of consumers Due to revelation principle, we only consider mechanismsneh

required to buy their services in order to get this discount,

traders are required to directly report their types. We \pilb-

3. the company promotes the merchant’s services with the dispose/examine some mechanisms in terms of, espedialtiget bal-

counted price within a period, say two days,
4. if the number of consumers willing to buy the services headhe
minimum during that period, then all the consumers will reee

ance individual rationality, andtruthfulnesswhich are three impor-
tant criteria we usually try to achieve in designing a douletion.
Budget balance guarantees that the market owner runningute

the services with the discounted price, and the company faad t tion does not lose money. Individual rationality incergas traders
merchant will share the revenue. Otherwise, no deal ands® lo to participant in the auction, as they will never get negatitil-

for any party, especially the merchant and consumers.
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ity/benefit for participating in the auction. Truthfulnesskes the
game much easier for traders to play, because the beststicaa
be easily computed for each trader, which is just his true.tifjputh-
fulness also plays an important role for achieving othepprbes
based on traders’ truthful types, egfficiency(i.e. social welfare
maximisation). We will not measure social welfare in thisdab
due to unlimited supply. However, we will consider the numbg



units exchanged, calladading size which is part ofmarket liquid-
ity, indicating the success of an exchange market.

We find that, even without considering other criteria, budzg-
ance, individual rationality and truthfulness are hard ¢oshtisfied
together in this model. It is shown that there is no budgedrzdd,
individually rational and truthful auction, given that bhothe trad-
ing size and the payment are neither seller-independenbunger-
independent, although we do get mechanisms that are budget b
anced, individually rational and one-sided truthful, tethful for
either buyers or sellers. We say a parameter of a mechanwsetiés-
independent (buyer-independent) if its value does notrtpa sell-
ers’ (buyers’) type reports. However, if we allow either thading
size or the payment to be seller-independent or buyer-eiggnt,
we will be able to design auctions satisfying budget balamte
dividual rationality and truthfulness at the same time. didition,
we prove that there is no budget balanced, individuallyoreti and
truthful mechanism that can also guarantee trading size.

This paper is organised as follows. After a brief introdostof the
model in Section 2, we propose two budget balanced, indilidua-
tional and partially truthful (deterministic) mechanismsSection 3
and 4. Following that, we further check the existence of {hga
budget balanced, individually rational and truthful medkens in
Section 5. Finally, we conclude in Section 6 with related artdre
work.

2 The Model

We study a multi-unit double auction where multiple selkand mul-
tiple buyers exchange one commodity. Each seller supptiesna
limited number of units of a commodity and each buyer reguire
a certain number of units of the commodity. Eatthder (seller
or buyer)i has a privately observed valuation function (aipe)

v; + ZT — RT where the input of the function is the number of
units of the commodity and the output is the valuation fosthanits
together.

We assume that sellers’ valuationn®notonic: v; (k) < v;(k +
1), and satisfiegroup buying discount 22 > v+l That s,

a seller’s valuation is non-decreasing as the number of uaisell
increases, while the mean unit valuation is non-increa@adpuyers
can get a discount if the mean valuation is decreasing). Qo#ion
for group buying discount constraint is that the averagé pnaiduc-
tion cost may decrease when many units can be produced artiee s
time. For a buyer of type v; requiringc; > 0 units, v; satisfies
v;(k) = 0forall k < ¢; andv; (k) = vi(c;) > 0forall k > ¢;. The
first constraint of buyers’ valuation says that their densazehnot be
partially satisfied. The second assumption says that tkane cost
for buyers to deal with extra units allocated to thefred disposdl
Following [7, 4], we assume that of buyer: is common knowl-
edge. Without loss of generality, we will assume that 1 for each
buyeri to simplify the rest of the analysis, and the results undier th
assumption can be easily extended for general case.

For participating in an auction, each trader is requiredefmort
some information (often related to his type) to the auction@ge.
the market owner). Because of the revelation principle i&j,will
focus on auctions that require traders to directly repagtrttypes.
However, traders do not necessarily report their true types

Let S be the set of all sellerd3 be the set of all buyers, arld =
SU B. We assume thef N B = ). Letv = (v;);er denote the type
profile of all traders. Let—; = (vi,v2, -+ ,Vi—1,Vit1, -+ ,Un) bE
the type profile of all traders except tradeGiven tradet of typew;,
we refer toR(v;) as the set of all possible type reports dbimilarly,

let R(v) be the set of all possible type profile reports of traders with
type profilev. We will usev”® = (v;):cp to denote the type profile
of buyers, and® = (v;):es for sellers.

Definition 1. An multi-unit double auction (MDA) M = (m,x)
consists of arallocation policy 7 = (7;);er and apayment policy
x = (z;):eT, Where, given traders’ type profile repartr; (v) € Z*
indicates the number of units that seller (buyesglls (receives), and
z;(v) € RT determines the payment paid to or received by trader

Note that the above definition of MDA contains only determin-
istic MDAs, i.e. given a type profile report, the allocationda
payment outcomes are deterministic. We will also considet-n
deterministic/random MDAs where the outcomes are randoria va
ables. A non-deterministic MDA can be described as a prdibabi
distribution over deterministic MDAs.

Given MDA M = (m,z) and type profilev, we say traden
wins if m;(v) > 0, losesotherwise. An allocationr is feasible
if > cpmi(v) = 3 ,cgm(v) and for allS, B andv. An MDA
M = (m, z) is feasible ifr is feasible. A non-deterministic MDA is
feasible if it can be described as a probability distributawver fea-
sible deterministic MDAs. Feasibility guarantees thatdbetioneer
never takes a short or long position in the commodity excidrig
the market. For the rest, only feasible MDAs are discussed.

Given traders’ type profile, their type profile report € R(v)
and deterministic MDAM = (wr, z), theutility of trader: with type
v; is defined as

~ v, (7; (0 —l’i{), if i € B.
u(vi, 0, (7, 7)) :{ xi((ﬁ)(—)li(m(é)g, ifi € S.
Considering M might be non-deterministic,
Elu(v;, 9, (7, x))] to denote the expected utility of trader

Definition 2. An MDA M = (w,z) is truthful (or incentive-
compatible) if Eu(vs, (vi, 9—;), (7,2))] > Elu(vs, 9, (m,x))] for
alli e T,all o € R(v), all v.

we use

In other words, a mechanism is truthful if reporting typettiru
fully maximises each trader’s utility. We say an MD¥ is buyer-
truthful (seller-truthful ) if M is truthful for at least buyers (sellers).

An MDA is budget balanced(BB) if the payment received from
buyers is equal to the payment paid to sellers, andieiakly budget
balanced(WBB) if the payment received from buyers is greater than
the payment paid to sellers. An MDA isdividually rational (IR)
if it gives its participants non-negative utility. Becausfeunlimited
supply, we will not be able to measure social welfare in thexle,
as it will be infinite before and after the auctiddarket liquidity,
as an important indicator of a successful exchange markitbev
considered. We will check one of the important measures okeba
liquidity, the number of units exchanged, calkeading size.

Given type profile repor, assume that? (1) > o5 (1) > --- >
vE (1), we define theptimal trading size kop:(v) as
k
Kopt(v) = m]gx(z vP (1) > minof (k). @

i=1

That is, optimal trading size is the maximal number of uriiest tan
be exchanged in a (weakly) budget balanced auction, giegrtlle
payment of a winning trader is his valuation for receiviegliag the
number of units allocated to him. As we will see, it is ofter possi-
ble to achieve the optimal trading size, if we consider ofiteperties
at the same time. Therefore, we define the following notioméa-
sure an MDA's trading size, and similar notions are widelgdifor
analysing online algorithms/mechanisms [9].



Definition 3. An MDA M is c-competitive if the (expected) trading
sizeka (v) of M is at Ieastk"P'<”) for all type profile reportv. We

say.M is competitiveif M is c- competltlve for a constamt We refer

to ¢ as competitive ratio.

Moreover, other than following Definition 2, we will use Pogd-
tion 1 to analyse the truthfulness of an MDA. Proposition thased
on PropositiorD.27 of [9], and its proof directly follows the proof
there.

Proposition 1 (Proposition9.27 of [9]). An MDAM = (m,z) is
truthful if and only if it satisfies the following conditiorfier every
trader ¢ with typev; and every_;

o If E[mi(vi,v—:)] = E[mi(0s,v—;)], then Ez;(vi,v—;)] =
E[z;(0;,v—;)]. That is, the payment @fdoes not depend on;,
but only on the alternative allocation result.

o Elu(vi,v,(m x))] > Elu(vi, (9:,v—:), (7, z))] for all o, €
R(v;). That s, the expected utility ofs optimised byM.

3 ABB, IR and Buyer-truthful MDA

A Vickrey auction is a truthful and individually rational ersided
auction for exchange of one item, where traders report firéiate
types (valuations for the item), and in which the trader \iligh high-
est valuation wins, but the price paid is the second-higvedsation.
We apply a similar principle in this section and propose anAyiD
called Second Price MDA. We show that this auction is budgét b
anced and individually rational but only buyer-truthfug.iit is truth-
ful for buyers only.

Second Price MDAM .4

Given type profile report = (v?,v%), assume that (1) >

v (1) > - > vh(1).

1. Let w(k) = minargmin;v(k) and pk) =
vf (k)

Min;.(k) —7— OF oo if there is only one seller.

2. Letk* = max{k|vf (1) > p(k)}.

3. Thefirstk* buyers, i.e. buyers of valuatia , vZ, - - -
receive one unit of the commodity each and each of them
paysp(k™).

4. Sellerw(k*) sellsk™ units of the commodity and receives
paymentp(k*) - k

5. The remaining traders lose without payment.

B
y Uk s

Given the number of units going to be exchanged 1., selects
the seller with lowest valuation for sellifgunits to win (i.e.w(k))
and the payment is the second lowest valuation fi¢g) - k). k* of

ming 4, (k) ”fljk) = p(k). In other words, the mean unit price is

non-increasing as the number of units sold together ineseas
Because ob; (k+1) > vi(k )for each sellet, we concludep(k+

D (k+ 1) = miniumen v (K + 1) > ming e o) (k) =

p(k) - k. O

Theorem 1. Ma,q4 is buyer-truthful.

Proof. The auction result ofM,,,q for buyeri is either receiving
one unit with certain payment or receiving nothing with ngmpant.
If 5 received one unit, then? (1) > p(k*) and the payment of
is p(k*) which is independent o6 (1). Otherwise, we know that
v2(1) < p(k*) and the payment is zero fer Therefore, the first
property of Lemma 1 is satisfied for all buyers.

In order to prove truthfulness, we need to show that thetyitiif
each buyer is maximised, i.e. the payment is minimisedMdy;, 4.
For all buyers who received a unit, the payme(k*) is the same
for all of them. If any of the winning buyers with valuatiarf (1)
reportedd (1) < p(k*) < (1), this buyer will not win. More-
over, from Lemma 1, we know tha{ k") is minimal ask™ is maxi-
mal. Thereforep(k™) is the minimum valuation for buyers to win in
Mapq. Thus, the payment(k™) for all winning buyers is minimised.
This also holds for losing buyers. a

Theorem 2. M., 4 is not seller-truthful.

Proof. The auction result ofMa,q for selleri is either sellingk
units with paymenp(k) for somek > 0 or selling nothing with no
payment. For each > 0, if selleri successfully sell& units, then
the paymenp(k) - k received by is the second lowest valuation of
sellers for sellingt units together and is independentitsf type. If
selleri loses, the payment is zero farTherefore, the first property
of Lemma 1 is also satisfied for all sellers.

The reason whyM,,4 is not truthful for sellers is that the utilities
of sellers might not be maximised. For instance, assumekthand
k1 — 1 satisfy the (:onditiorv;c (1) > p(k), andw(k1) = w(ks —
1) =i If p(k1) - k1 — v (k1) < p(ki = 1)~ (k1 — 1) — 7 (k1 — 1),
theni would prefer selling:; — 1 units other thark; units. Therefore,
if 7 sells k1 units with paymenip(k1) - k1, she is incentivised to
manipulate the auction in order to sell orlly — 1 units with more
utility. The manipulation will be successful if the thirdWest seller

valuation for sellingk; units, sayuf(kl), satisflesg > kl(l)

(by simply misreportingy’ (k1) > v (1)). O

4 A BB, IR and Seller-truthful MDA

In the last section, we showed that a simple second price MDA i
not truthful, because sellers’ utilities are not maximigddwever, in
this section, we will see that if we simply update.,,; such that
sellers’ utilities are maximised, but then buyers will stéoe. The
main update is that the determination of the trading sizesicens

Mana, the trading size, is the maximal number of units that can bethe winning seller’s utility.

exchanged, given that each winning buyer pays the mean rioé p
p(k™). It is evident that the profit of the auctioneer runninvgz,.q
will be zero and no participant will get negative utilitygiMas,,q4 is
budget balanced and individually rational.

Lemma 1. Foranyk > 1, p(k) of M2, satisfiep(k + 1) < p(k)
andp(k+1) - (k+1) > p(k) - k.
Proof. Since sellers’ valuation satisfies group buying discouet, i

vy (k+1) vy (k . ’uf k+1)
k(+1 < () L we getp(k + 1) = ming (e S <

Second Price plus Seller Utility Maximisation MDA M, ,

Given type profile report = (v”,v°

U2B(1) >z Um(l)

), assume that (1) >

1. Let w(k)

mm#w(k)

minargmin; v’ (k) and p(k) =

( ) or c if there is only one seller.




= (1) — p(k%), while the utility i will get in Mayq is

uM+
2. Letk* = max{k|v? (1) > p(k)}, andi* = w(k*). un s = vi(1) = p(k* _ — (k) —
= il na = Vi p(k"). So we getuny,, — uy+ = p(kl)
3. LetK = {k[vZ (1) > p(k)}, andK* is the least set such o B o Mana *
thati* € K* andK* D {k|k = max(K \ K*) A w(k) = p(k7) < ——p(k). O
S . *
P AB e (1) < Lt KDY \wherevs , (k) is the third
lowest valuation of sellers for selling units and it isco if 5 Existence of (W)BB, IR and Truthful MDAs
there are less than three sellers.
4. Letk’ = maxargmaxgers (p(k) - k — v (k)). Following the results in previous sections, we demonstiratihis
5. The first ki buyers, i.e. buyers of valuation section that there are multi-unit double auctions that areakly)
v P, ... vB | receive one unit of the commodity budget balanced, individually rational and truthful. Heee we also
each and each+of them payé:? ). prove that there does not exist a (weakly) budget balanoced;id-
6. Selleri* sellsk’; units of the (;rommodity and receives pay- ually rational and truthful MDA, in which both the tradingzsi and
mentp(k%) - k*. the payment are neither seller-independent nor buyepermient.
7. The rest of the traders lose without payment. Proposition 3. There exists (weakly) budget balanced, individually
rational, and truthful multi-unit double auctions.

Proof. The fixed pricing MDA described in Auction 1 is BB, IR and

SetK contains all possible numbers of units that can be exchangeHUtthL Given a predetermined transaction pmca_/tf ied first cal-
culates the total numbés of buyers whose valuations are at least

without sacrificing budget balance. S&t' contains allk points that . .

. . . then calculates the maximal numbe€r of units that a seller can sell,
selleri* can manipulate and force the auctioneer to choose Som\?vith non-negative utility. under unit pri ven thatk* < . Af-
k* € K" if Mangq is used. The reason is that, for &lle K* ex- 9 Y. prce g =

cept the minimumigin K*), selleri* is the only winner, i.e. without ter it calculates all the winning candidates of both sidesdidates

selleri™, there is no other seller who can win at those points. There]crom the same side win with the same probability. It is evidéat

fore, M;nd chooses:} € K™, as the final trading size, such that th'SR:u;:'giE 'iﬁ;g?j;gia?ﬁgﬁ ang |nmd|V|t(jj(l)J:;I};]:)?t(ljoenag.n d on an
selleri*’s utility is maximised among alt € K*. It is evident that 9 9 ’ Y. Payman P y

. Do ; trader. Secondly, all buyers whose valuation for one urdt isastp
M3,.q is also budget balanced and individually rational. will win with the same probability with payment, so their utilities
Theorem 3. M2+nd is seller-truthful but not buyer-truthful. are maximised if their winning probabilit% is maximised. Buyer

i of w2 (1) > p will not reportd? (1) < p asi’s winning probability
Proof. Regarding truthfulness of sellers, firstly, their paymearts  will be reduced. Also buyerof v (1) < p will not reports2 (1) >
independent of their valuations. Secondly, their utilitére max- p because he will get a negative expected utility. Therefbreis
imised, i.e. they cannot misreport their valuations to dghér util-  fixed for a given type profile report and no buyer is incentive
ities. For winning selle§”, K™ contains all winningt points where  change it. Moreoverg™ is maximised. Thus% is maximised and
i* is the winner and she can manipulate to get a winning poifmgiv  buyers’ utilities are maximised. A similar analysis applie sellers.
her the highest utility. However, sellét cannot misreport to win at O
other winning points outside ok ™. This is because another seller
will win at either min K* or max(K \ K*) if selleri* chooses to  Auction 1 (Fixed Pricing MDA Mjizcq). Given predetermined
not win at any point ink*. Since M. , selects the winning point  transaction pricep and type profile report = (v”, v%),
k:*+ € K* thaF givesi* the highest uti[ity she_ could possibly get 1. leth, — |{z‘|vF(1) > il
with misreporting, there is no reason fdrto misreport. For a los- oS () _
ing sellers, if ¢ misreported and won &t*, theni has to misreport 2. letk” = max{k|k < ki A =5= < pfor somei}, and ks =

k* and the winning sellei of M7, , is the same as that itf2,,q.

87 (k") < v (k*) < v (k*) and theK™ for i will be {i*}. There- Hz’l% <p}l,
fore, i will get non-positive utility,v;: (k*) —vf (k*), inordertowin 3. randomly select* winning buyers fror{i|vZ (1) > p}, i.e. each
at pointk™. If s misreported and won at a poiht > £*, theni has buyeri € {i|v? (1) > p} wins with probability’;—*,

- 1

to misreports? (k') < vE(1) - k' < v (k') and the new unit price o S (1 .
porty (k') < vy (1) - k' < o7 (K') P 4. randomly choose one winning seller frofij “c%— < p}, i.e.

p(k’) must satisfy thaf’isli—,k/) < p(k') < vZ(1). Thus the utility for  San o Moo
losing selleri to win at pointk” will be p(k’) - k' — v (k') < 0. each seller € {i|=5=— < p} wins with probability, -
Therefore, truthfulness also holds for losing sellers. 5. each winning buyer receives one unit of the commodity agd p
It is evident thatMJ, , is not truthful for buyers because their P the winning seller sell&™ units and receives paymept: &,
paymentsp(k%) > p(k*) (Lemma 1). That is, buyers of valuation and the remaining traders lose with no payment.
P, vB, ... vwE could misreport their valuations to prevent seller
i* winning at any pointc} < k*, which might give them higher
utilities.

Note thatM #;..q is non-deterministic and the paymemtdoes
not depend on any trader. It is not hard to check that simiar a
tions with two fixed prices, p» such thatp, < p, andp, is the
. . e . + unit price for winning sellers ang, for winning buyers is (W)BB,
Proposition 2. The utility loss of winning buyet in M27Ld1;*ciT' IR and truthful. Other than fixed pricing MDAs, there are (VB)B
pared with the utility; can achieve inM 2,4, is not more than% IR and truthful MDAs where payments are not predetermineud. F
of the payment can get wheri participates inMa,q. instance, a simple variant 0¥ ¢;,.q described in Auction 2 is one

such mechanism and it is clear th&t ;g is BB, IR and truthful.
Proof. According to Lemma 1, we get(k™) - k* > p(k}) - (k%). However, there is no MDA that is (W)BB, IR and truthful, giviérat
Therefore, for a winning buyei of type v; in M3, ., 4's utility both the trading size and the payment are neither sell@pienident



nor buyer-independent. We say a parameter of an MDA is seller

independent (buyer-independent) if the value of the patantoes
not depend on sellers’ (buyers’) type reports.

Definition 4. Given MDAM, a parameterd of M, and type pro-
filev = (v®,v%), we sayd is trader-independent if the value ofd,
denoted byl (-), satisfiesda () = da () for all 9,9 € R(v).
We sayd is seller- |ndependent if dM((AB %)) = dM(( B %)
for all ¥% € R(v?), all o°,9°

R(v®). We sayd is buyer-
independent if d.v((0 ws)) dM(( B %)) for all 67, 5"
R(vP), all 8% € R(v).

A parameter of an MDA is trader-independent if and only if
it is seller-independent and buyer-independent. For rtstap
of Myizeq is trader-independent, ang of Mgingie is seller-
independent.

Auction 2 (One-sided Pricing MDAM g;nqic). Given type profile
reportv = (v2,v%),

1. letp be the[ Z:7-th highest ob;’ (1)s, wheren is the total number

of buyers,

letks = |{ilv;’ (1) > p},

letk* = max{k|k < k1

il S < p})

. randomly select™ winning buyers fron{i|v/ (1 ) > p},i.e. each
buyeri € {ijv? (1) > p} wins with probabllltyk ,

2.
3.

v (k) ;
N == < pforsomei}, andky =

. randomly choose one winning seller fro[m”k(—f) < p} e
S (p*
each seller € {z’|% < p} wins with probability%,
. each winning buyer receives one unit of the commaodity ayd p

p, the winning seller sell&* units and receives paymept« k™,
and all the rest of the traders lose with no payment.

Theorem 4. There is no (weakly) budget balanced, individually ra-
tional and truthful multi-unit double auction, where bothettrad-
ing size and the payment are neither seller-independenbuoger-
independent.

Before we give the proof of Theorem 4, we first prove some lem

mas that are going to be used for the proof. Lemma 2 says that @

IR and truthful MDA cannot have price discrimination. An MDras
price discriminationif buyers (sellers) pay (receive) different pay-
ments for identical goods or services. For instance, wherbwyers
pay different prices for receiving one unit of the same corityan

a deterministic MDA, this is considered as price discrirtioma

Lemma 2. An individually rational multi-unit double auction with
price discrimination is not truthful.

Proof. Because of individual rationality, the expected paymeats f
all winning buyers (sellers) must not over (under) theiugdions®

From Lemma 2, we conclude that an individually rational and
truthful MDA must give the same (expected) payment for ah-wi
ning buyers/sellers, and give no payment for all losingerad

Lemma 3. Allwinning sellers in a truthful multi-unit double auction
sell the same expected number of units.

Proof. According to Lemma 2, we know that all winning sellers re-
ceive the same expected payment for selling each unit. Soutile
ities will be higher if they sell more units. If the expecteahmber of
units to be sold is not the same among winning sellers, thefler s
selling less units is incentivised to manipulate the auctioorder

to sell more units by simply misreporting his valuation as seller
selling relatively more units. a

Proof of Theorem 4 We first assume that there is such MDA, and
then we end up with a contradiction.

Let ps andp, be the payment (unit price) for winning sellers and
winning buyers respectively. According to Lemma 3, withtags
of generality, we assume thatl selects at most one winning seller.
Assume the trading size s Let v2,,, be the minimum valuation
(for one unit) of all winning buyers, and?,,. be the maximum val-
uation of all losing buyersu,, = 0 if there is no losing buyer).
Let v, be the valuation of the winning seller for sellikgunits,
andv?,;,, be the minimum valuation of all losing sellers for sellig
units @2;,, = oo if there is no losing seller). Because of individual

oS . .
rationality, we haveM < ps < pp < vE,,. SinceM is truthful,

we further getp, < "“" andp, > vZ,. andp, andp, should
not depend on any wmnmg trader. ThereforeMf chooses any:

satisfying any of the following four conditions, there wilé proper
paymentg. < p, only depending om?Z ., andvs.,,,.

S

s < Vo,

U’S“% >vB B > U’S“%, andvZ .. > Ulsj;",
3. Uryin > Uppaws Vimin = v%‘j", andv? ., < U%"’,

’EIT" > U azs Vmin < ’517" andv,y . > ”11"

[U;S;Lin

k
] s.t.ps < ps. For condition (3),pp =

For condition (1) ps, ps v 2] s.t.ps < py. For condition

7n1n

(2) pb7ps S [Uma:c:
Ps = ";5" andp, = p, = vZ2 . for condition (4).

In other words M chooses any: satisfying any of the above four
conditions can also get payments independent of winnimgtsaand
satisfying (weakly) budget balance. Besides these fouditions,
we cannot choose arkyunder other conditions where we can still get
(weakly) budget balanced and winning trader independegmpats,

If the expected payments are not the same between winning buyiven that bothk andps, p, are neither seller-independent nor buyer-

ers/sellers, then a winning buyer (seller) with high (lowpected
payment will have a chance to manipulate the auction in dalget
a low (high) expected payment by, for example, reportingstéime
valuation as that of a winning buyer (seller) receiving tieiy a
lower (higher) expected payment. a

6 Note that we consider expected payment to check price disuwation,
because if an MDA is non-deterministic and it can assigrediffit pay-
ments to winning buyers/sellers. However, if a non-deteistic MDA is
individually rational and truthful, then the expected pamwill be the
same for all winning buyers/sellers and the prices shoulcdibdomly cho-
sen from some range independent of winning traders’ vanatiA non-
deterministic MDA is not considered price discriminatidrthe expected
payment is the same for all winning/losing buyers/sellers.

independent.

Therefore, in order to satisfy truthfulnesk] has to choose &
such that all traders’ utilities are maximised. For winnimgyers,
they would prefer a bigger as their payment will be lower compared
to the payment with a lowek, i.e. their utilities are maximised when
k is maximised. However, the winning seller might prefer adow
k as her utility is not necessarily maximised with maximénisee
the proof of Theorem 2 for example). Thus, we may not always be
able to choose & maximising both buyers’ and sellers’ utilities. This
contradicts the truthfulness d#, i.e. buyers may be incentivised to
disable the above four conditions for lowies, while sellers may be
motivated to disable that for high&s. a



5.1 Competitive MDAs

Corollary 1. There is no (weakly) budget balanced, individually ra-
tional, truthful multi-unit double auction that is also ceetitive.

Proof. From Theorem 4, we know that there is no (W)BB, IR,
truthful, and competitive multi-unit double auction, ifthathe trad-
ing size and the payment are neither seller-independenbunger-
independent. In the following, we will prove that if the tmag size
or the payment of an MDA is either seller-independent or buye
independent, the MDA will not be competitive.

If the trading size of MDAM is seller-independent, say the ex-

pected trading size i&., thenk. must be also buyer-independent,
otherwise we can always find a example that violates buddemba,
individual rationality and truthfulness. For instancegteaeller’s unit
valuation for selling any number of units is larger than thghkst
valuation of sellers, in which the trading size should beoZEBB,
IR and truthfulness are satisfied. Therefore, gi¥er> 0 is trader-
independent, for any type profile repertwith optimal trading size
kopt(v), the competitive ratic = k‘”,;—t(”) It is clear thatc is not
bounded a%,,:(v) can be any value approaching to infinite.

If the payment of MDA M is seller-independent, then for any
payment determined without considering sellers, therstex case
where all sellers’ unit valuation for selling any number oita are
higher than the payment, which means that the trading siktdwvi
zero if M is (weakly) budget balanced, individually rational, truth
ful. Therefore, M cannot be competitive under this condition. This
result also holds when the payment is buyer-independent. O

6 Conclusion

In this paper, we studied a multi-unit double auction, wheaeh
seller has an unlimited supply, for exchanging one kind oficwd-
ity. Different from the previous studies of multi-unit ddakauction,
we introduced group buying in the model. More specificaiyiess’
average unit valuation is decreasing (non-increasingh@astmber
of units sold together increases, i.e. more buyers buyiegdmmod-
ity together as a group from a seller will result in a highescdiunt.

We found that, under this model, even without considerirgeot
criteria, budget balanced, individually rational and lifut mecha-
nisms are hard to achieve. We showed that in Theorem 4 thee is
budget balanced, individually rational and truthful multiit double
auction, if both the trading size and the payment of the anciire
neither seller-independent nor buyer-independent, adthave got
mechanisms in Section 3 and 4 that are budget balancedjdnéiv
ally rational and one-sided truthful, i.e. truthful for e buyers or
sellers. However, if we allow either the trading size or thgment to
be seller-independent or buyer-independent, in Sectiareilid get
auctions that satisfy all the three criteria. Moreover, & wonsider
trading size (i.e. the number of units exchanged) at the danes
we demonstrated in Corollary 1 that there is no budget balhnio-
dividually rational and truthful mechanism that can alsamgutee
trading size.

The results in this paper are based on the assumption thiat eac

buyer requires only one unit. As we mentioned, the resutsppli-
cable to the general case where each buyequiresc; > 0 units.
Boy .
For the extension, we just need to updafi(1) into 2= in the
results, and count the number of units for a buyer group based

buyers’c;s other than the number of buyers in the group. For non

deterministic MDAS, €.9M fizeq and M ;ingie, the winning proba-
bility of a buyer will be based on his, e.g. the winning probability

of buyeri in step 3 0of M f;.q Will be ’“k—f As ¢;s are not part of
buyers’ private information, this extension will not affemy of the
properties that hold in the single-unit demand case.

As closely related work, Huargf al.[7] proposed weakly budget
balanced, individually rational and truthful multi-unibable auc-
tions, under the model where each seller (buyer) supplienétds)
a publicly known number of units, their valuation for eaclit isinot
changing and their requirements can be partially satistéul [4]
studied a multi-unit double auction model where there ar&iphe
commodities, each seller supplies multi-units of one coulitgand
each buyer requires a bundle of different commodities. Tirey
posed a method that intentionally creates additional caitigoein
order to get budget balanced, individually rational anthtiul mech-
anisms. Wurmaret al. [10] also considered one-sided truthful dou-
ble auctions for optimising social welfare. Goldbetgl. [6] studied
one-sided auctions where the seller has an unlimited swpipfyout
giving any valuation or reserve price for the commodity, aimeir
gaol is to design truthful mechanisms that guarantee ther'salev-
enue. For group buying, Edelma al. [5] considered the advertis-
ing effect of discount offers by modelling the procedurehativo
periods, so traders can come back in the future after getlisig
counted offers. Arabshahi [2] provided a very detailed wsial of
the Grouponbusiness model and Byees al. [3] showed some pri-
mary post-analysis dbroupon A very earlier study of online group
buying is provided by Anand and Aron [1].

There are many questions for considering group buying irtimul
unit double auction worth further investigation. Espdyijaf sell-
ers have limited supply, how do we calculate their utilitias they
should have valuation for the unsold units and the valudtorihe
unsold units is not the same before and after the auctiosintai
the further question of how to optimise social welfare andrgn-
tee other properties in this case. For instance, a sellglisspwo
units with unit priceg; > p2 for selling one and two units respec-
tively. If we end up with one unit left for the seller, we migtansider
that the seller has a valuation pf for this unsold unit.
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