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Recap: The General Setting of Mechanism Design

A set of n participants/players, denoted by N.
A mechanism needs to choose some alternative from A
(allocation space), and to decide a payment for each
player.
Each player i ∈ N has a private valuation function
vi : A→ R, let Vi denote all possible valuation functions for
i .
Let v = (v1, · · · , vn), v−i = (v1, · · · , vi−1, vi+1, · · · , vn).
Let V = V1×· · ·×Vn, V−i = V1×· · ·Vi−1×Vi+1×· · ·×Vn.
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Recap: A Definition of a Mechanism (with Money)

Definition
A (direct revelation) mechanism is a social choice function
f : V1 × · · · × Vn → A and a vector of payment functions
p1, . . . ,pn, where pi : V1 × · · · × Vn → R is the amount that
player i pays.

direct revelation: the mechanism requires each player to
report her valuation function to the mechanism.

Definition
Given a mechanism (f ,p1, . . . ,pn), and players’ valuation report
profile v ′ = (v ′1, · · · , v ′i , v ′n), player i ’s utility is defined by
vi(f (v ′))− pi(v ′), where vi is i ’s true valuation function.
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Recap: Properties of a Mechanism

Truthfulness A mechanism (f ,p1, . . . ,pn) is called truthful
(incentive compatible) if for every player i , every
v1 ∈ V1, . . . , vn ∈ Vn and every v ′i ∈ Vi , if we
denote a = f (vi , v−i) and a′ = f (v ′i , v−i), then
vi(a)− pi(vi , v−i) ≥ vi(a′)− pi(v ′i , v−i).

Efficiency We say a social choice function f is efficient if it
maximises social welfare for all valuation reports.
That is, for all v ∈ V ,
f ∈ arg maxf ′∈F

∑
i∈N vi(f ′(v)) where F is the set

of all feasible social choice functions.
Individual Rationality We say a mechanism (f ,p1, . . . ,pn) is

individually rational if for every player i , every
v ∈ V , we have ui(f ,p1, . . . ,pn, v , vi) ≥ 0.
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Notation Let v = (v1, . . . , vn) be an n-dimensional vector. We will denote
the (n − 1)-dimensional vector in which the i’th coordinate is removed by
v−i = (v1, . . . , vi−1, vi+1, . . . , vn). Thus we have three equivalent notations: v =
(v1, . . . , vn) = (vi, v−i). Similarly, for V = V1 × · · · × Vn, we will denote V−i =
V1 × · · · × Vi−1 × Vi+1 × · · · × Vn. Similarly we will use t−i , x−i , X−i , etc.

Definition 9.14 A (direct revelation) mechanism is a social choice function
f : V1 × · · · × Vn → A and a vector of payment functions p1, . . . , pn, where
pi : V1 × · · · × Vn → ℜ is the amount that player i pays.

The qualification “direct revelation” will become clear in Section 9.4, where we will
generalize the notion of a mechanism further. We are now ready for the key definition
in this area, incentive compatibility also called strategy-proofness or truthfulness.

Definition 9.15 A mechanism (f, p1, . . . , pn) is called incentive compatible if
for every player i, every v1 ∈ V1, . . . , vn ∈ Vn and every v′

i ∈ Vi , if we denote a =
f (vi, v−i) and a′ = f (v′

i , v−i), then vi(a) − pi(vi, v−i) ≥ vi(a′) − pi(v′
i , v−i).

Intuitively this means that player i whose valuation is vi would prefer “telling the
truth” vi to the mechanism rather than any possible “lie” v′

i , since this gives him higher
(in the weak sense) utility.

9.3.3 Vickrey–Clarke–Groves Mechanisms

While in the general setting without money, as we have seen, nothing nontrivial is
incentive compatible, the main result in this setting is positive and provides an incentive
compatible mechanism for the most natural social choice function: optimizing the social
welfare. The social welfare of an alternative a ∈ A is the sum of the valuations of all
players for this alternative,

∑
i vi(a).

Definition 9.16 A mechanism (f, p1, . . . , pn) is called a Vickrey–Clarke–
Groves (VCG) mechanism if! f (v1, . . . , vn) ∈ argmaxa∈A

∑
i vi(a); that is, f maximizes the social welfare, and! for some functions h1, . . . , hn, where hi : V−i → ℜ (i.e., hi does not depend

on vi), we have that for all v1 ∈ V1, . . . , vn ∈ Vn: pi(v1, . . . , vn) = hi(v−i) −∑
j ̸=i vj (f (v1, . . . , vn)).

The main idea lies in the term −
∑

j ̸=i vj (f (v1, . . . , vn)), which means that each
player is paid an amount equal to the sum of the values of all other players. When this
term is added to his own value vi(f (v1, . . . , vn)), the sum becomes exactly the total
social welfare of f (v1, . . . , vn). Thus this mechanism aligns all players’ incentives
with the social goal of maximizing social welfare, which is exactly archived by telling
the truth. The other term in the payment hi(vi) has no strategic implications for player
i since it does not depend, in any way, on what he says, and thus from player i’s point
of view it is just a constant. Of course, the choice of hi does change significantly how
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Definition of h−i : V−i → R
h−i(.) = 0
h−i(v−i) =

∑
j∈N\{i} vj(f (v−i)), the maximum social welfare

without i ’s participation.
...

6 / 10

Dengji

Dengji

Dengji

Dengji

Dengji

Dengji

Dengji

Dengji

Dengji

Dengji

Dengji

Dengji

Dengji



Dengji

Dengji

Dengji

Dengji

Dengji

Dengji

Dengji

Dengji

Dengji

Dengji

Dengji

Dengji

Dengji

Dengji

Dengji

Dengji

Dengji

Dengji

Dengji

Dengji

Dengji

Dengji



Examples of Applying VCG

A seller sells m (heterogeneous) items:
A set of m items to be allocated (denoted by M)
A set of n players (denoted by N)
Each player i has a valuation function vi : 2M → R

Question
What is size of the allocation space?
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Properties of VCG

Is VCG truthful, efficient and individually rational?
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How to verify a mechanism is truthful or not?

Theorem
A mechanism is truthful if and only if it satisfies the following
conditions for every i and every v−i :

1 The payment pi does not depend on vi , but only on the
alternative chosen f (vi , v−i). That is, for every v−i , there
exist prices pa ∈ R, for every a ∈ A, such that for all vi with
f (vi , v−i) = a we have that p(vi , v−i) = pa.

2 The mechanism optimizes for each player. That is, for
every vi , we have that f (vi , v−i) ∈ arg maxa(vi(a)− pa),
where the quantification is over all alternatives in the range
of f (·, v−i).
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Advanced Reading

Introduction to Mechanism Design [AGT Chapter 9]
Vickrey-Clarke-Groves mechanisms [AGT Chapter 9.3]
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Profit Maximization in Mechanism 
Design

  

Optimal Auction Design. Myerson 1981

ch 13.2

Vickrey auction with reservation price r   

VCG = second price auction

Two biders
 Random/uniform

Reserve Price 

 -> sell

VCG 1/2

Virtual Valuation

1. Collect all bids 
2. Compute 
3. Apply VCG on  , get allocation , payment 
4. Final allocation is , final payment is 

vcg-> fixed price auction

 truthful
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