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Coalitional/Cooperative Game

A set of agents N.
Each subset of agents (coalition) S ⊆ N cooperate
together can generate some value v(S) ∈ R. Assume
v(∅) = 0. N is called grand coalition. v : 2N → R is called
the characteristic function of the game. v is often assumed
to be monotonic: S ⊆ T ⇒ v(S) ≤ v(T ).
The possible outcomes of the game is defined by
V (S) = {x ∈ RS :

∑
i∈S xi ≤ v(S)}.
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Example

Three agents {1,2,3}.
v({1}) = v({2}) = v({3}) = 1;
v({1,2}) = v({1,3}) = v({2,3}) = 2; v({1,2,3}) = 3.
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Core

Definition

For the grand coalition N, the allocation vector x ∈ RN satisfy:
Efficiency if

∑
i∈N xi = v(N).

Individual Rationality if ∀i∈Nxi ≥ v({i}).

Definition (Core)

The core of the coalitional game (N, v) is a set of vectors
x ∈ RN such that x is efficient and ∀S⊆N

∑
i∈S xi ≥ v(S).
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Shapley Value: a Fair Distribution of Payoffs

Given a coalitional game (N, v), the Shapley value of each
player i is:

φi(v) =
∑

S⊆N\{i}

|S|!(n − |S| − 1)!
n!

(v(S ∪ {i})− v(S))
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Shapley Value: a Fair Distribution of Payoffs

Given a coalitional game (N, v), the Shapley value of each
player i is:

φi(v) =
∑

S⊆N\{i}

|S|!(n − |S| − 1)!
n!

(v(S ∪ {i})− v(S))

Calculate the Shapley value for the following game:
Three agents {1,2,3}.
v(S) = 1 if S ∈ {{1,3}, {2,3}, {1,2,3}}, otherwise
v(S) = 0.
φ1(v) = φ2(v) = 1

6 and φ3(v) = 2
3 .
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Properties of Shapley Value

Efficiency:
∑

i∈N φi(v) = v(N).
Symmetry: If i and j are two players who are equivalent in
the sense that v(S ∪ {i}) = v(S ∪ {j}) for all S ⊆ N s.t.
i , j 6∈ S, then φi(v) = φj(v).
Linearity: φi(v + w) = φi(v) + φi(w).
Zero player (null player): φi(v) = 0 if v(S ∪ {i}) = v(S) for
all S ⊆ N.
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Properties of Shapley Value

Efficiency:
∑

i∈N φi(v) = v(N).
Symmetry: If i and j are two players who are equivalent in
the sense that v(S ∪ {i}) = v(S ∪ {j}) for all S ⊆ N s.t.
i , j 6∈ S, then φi(v) = φj(v).
Linearity: φi(v + w) = φi(v) + φi(w).
Zero player (null player): φi(v) = 0 if v(S ∪ {i}) = v(S) for
all S ⊆ N.

Question
Is the Shapley value in the core? [advanced reading]
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Cost Sharing

In the above coalitional game (N, v), we assumed that
v(S) ≥ 0, it is possible that v(S) ≤ 0 (which becomes a cost
sharing game).

Definition
A cost sharing game (N, c) is defined by

a set of n agents N.
a cost function c : 2N → R+ and assume c(∅) = 0.
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Cost Sharing
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Figure 15.1. An example of the facility location game.

value generated by a coalition can be divided in an arbitrary way among the agents in S.
In other words, a TU game is defined by specifying a function v: 2A !→ R, which gives
the value v(S) ∈ R generated by each coalition S. We assume v(∅) = 0. The set of all
possible outcomes in such a game is defined as V (S) = {x ∈ RS:

∑
i∈S xi ≤ v(S)}.

The notion of a cooperative game was first proposed by von Neumann and
Morgenstern. This notion seeks to abstract away all other aspects of the game ex-
cept the combinatorial aspect of the coalitions that can form. This is in contrast with
noncooperative games, where the focus is on the set of choices (moves) available to
each agent.

Note that in the definition of a cooperative game, we did not restrict the values to
be nonnegative.1 In fact, the case that all values are nonpositive is the focus of this
chapter, as it corresponds to the problem of sharing the cost of a service among those
who receive the service (this is by taking the value to be the negative of the cost). Again,
the cost-sharing problem can be studied in both the TU and the NTU models. The TU
model applies to settings where, for example, a service provider incurs some (monetary)
cost c(S) in building a network that connects a set S of customers to the Internet, and
needs to divide this cost among customers in S. In practice, the cost function c is often
defined by solving a combinatorial optimization problem. One example, which we will
use throughout the chapter, is the facility location game defined below.

Definition 15.1 In the facility location game, we are given a set A of agents
(also known as cities, clients, or demand points), a set F of facilities, a facility
opening cost fi for every facility i ∈ F , and a distance dij between every pair
(i, j ) of points in A ∪ F indicating the cost of connecting j to i. We assume
that the distances come from a metric space; i.e., they are symmetric and obey
the triangle inequality. For a set S ⊆ A of agents, the cost of this set is defined
as the minimum cost of opening a set of facilities and connecting every agent
in S to an open facility. More precisely, the cost function c is defined by c(S) =
minF ′⊆F {

∑
i∈F ′ fi +

∑
j∈S mini∈F ′ dij }.

Example 15.2 Figure 15.1 shows an instance of the facility location game with
3 agents {a, b, c} and 2 facilities {1, 2}. The distances between some pairs are
marked in the figure, and other distances can be calculated using the triangle

1 If all values are nonnegative, the problem is called a surplus sharing problem.

c({a}) = 4, c({b}) = 3, c({c}) = 3
c({a,b}) = 6, c({b, c}) = 4, c({a, c}) = 7, c({a,b, c}) = 8

7 / 9



Core of Cost Sharing

Definition (Core)

A vector α ∈ RN is in the core of a cost sharing game (N, c) if∑
i∈N αi = c(N)

∀S⊆N
∑

j∈S αj ≤ c(S)

8 / 9



Core of Cost Sharing

Questions:
Is (4,2,2) in the core of the following game?
Is (4,1,3) in the core of the following game?
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Advanced Reading

AGT Chapter 15: Cost Sharing.
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